GROMOV-WITTEN INVARIANTS 
OF THE HILBERT SCHEME OF 3-POINTS ON P 2 
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Abstract. Using obstruction bundles, composition law and localization for- 
mula, we compute certain 3-point genus-0 Gromov-Witten invariants of the 
Hilbert scheme of 3-points on the complex projective plane. Our results partially 
verify Ruan's conjecture about quantum corrections for this Hilbert scheme. 



1. Introduction 

Motivated by the pioneering work of Nakajima and Grojnowski |Nak[ IHroj . there 
have been intensive studies of the cohomology ring structure of the Hilbert schemes 
of points on a smooth algebraic surface (e.g. |Leht |L-S, LQWTJ |LQW2[ |L~QW3, 
Q- W[ IHo2] ) . While our understanding of this ordinary cohomology ring structure 



has deepened rapidly, the quantum cohomology ring structure of these Hilbert 
schemes remains to be a mystery. A limited progress to the quantum cohomology 
ring structure has been made in |L-Q| where certain 1-point genus-0 Gromov- 
Witten invariants of these Hilbert schemes have been determined. These 1-point 
invariants come from the contributions of curves contracted by the Hilbert-Chow 
map from the Hilbert schemes to the symmetric products of the surface. 

In this paper, we study 3-point genus-0 Gromov-Witten invariants of the Hilbert 
scheme (P 2 )^ of 3-points on the complex projective plane P 2 . Again, we are 
primarily interested in those invariants which come from the contributions of curves 
contracted by the Hilbert-Chow map ()2.8j) . These curves are homologous to d(3 3 
for some positive integer d, where (3% C (P 2 )' 3 ' is the rational curve defined by 

& = {£ + ^K(0 = 2, Supp(£) = xi} 

with Xi and being two fixed distinct points of the projective plane X = P 2 . 

To state our main results, we introduce some notations. Let H*(X^) and 
H*(X^) be the cohomology and homology of X' 3 ' with C-coefficients. For i = 
2,4,6,8,10, a linear basis *Bj of Hi(X^) in terms of the Heisenberg operators 
introduced in |Nakt IGroj can be determined (see Lemma 12.31 and Definition 12.41 
for details). For e H*(X^), we use . . . , a^o^d to stand for the k- 

point genus-0 Gromov-Witten invariant (ai, . . . , afc)o,d/3 3 - Now the 3-point genus-0 
Gromov-Witten invariants (oti, a 2 , 0.3) o,d of X^ are reduced either to the 2-point 
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invariants (PD(Ax), PD(v4 2 )) 0i d with Ai £ *B 6 and A 2 £ 53s ; or to the 3-point in- 
variants (PD(Ai), PD(A 2 ), PD(A 3 )) 0)d with Ai, A 2) A 3 £ <B 8 . Here PD denotes the 
Poincare duality. Our main results are the following. 

Theorem 1.1. Let X = F 2 , and and *Bs be defined in Definition \2.J\ Let 
d > 1, A\ £ *B 6 and A 2 £ 23s- x,£ be a point and a line in X respectively. 
Then, (PD(A 1 ),PD(A 2 ))o d is zero unless the pair (Ai,A 2 ) is one of the following: 

(i) (a_ 2 p0a_i(x)|0>, a^(X)a_ 2 (£)|0)) 

(ii) (a_ 2 (£)a_ 1 (£)|0),a_ 2 (X)a_ 1 (£)|0)) 
(hi) (a_ 3 (£)|0),a_ 3 (X)|0>). 

Moreover, (PD(yi 1 ), PD(A 2 )) d = 12/d in cases (i) and (ii). 

Theorem 1.2. Let X = F 2 , and <B 8 be defined in Definition \2.J\ Let £ C X be a 
line. Letd>\, f(d) = d (PD(a_ 3 (f)|0», PD(a_ 3 (X)|0))) 0)(i; and A 1 ,A 2 ,A 3 £ QS 8 . 
TTien, i/ie 3-point genus-0 Gromov-Witten invariant (PD^x), PD(v4 2 ), PD(A 3 )) 0rf 
zs zero unless the unordered triple (Ax, A 2 , A 3 ) is one of the following: 

(i) (a_ 2 (X)a_ 1 (£)|0),a_ 2 (X)a_ 1 (£)|0),a_ 1 (X)a_ 2 W|0)) 

(ii) (a_ 3 (X)|0>, a_ 3 (X)|0>, a_ 2 (X)cui(£)|0)) 
(hi) (a_ 3 (X)|0),a_ 3 (X)|0),a_ 1 (X)a_ 2 (£)|0)) 
(iv) (a_ 3 (X)|0),a_ 3 (X)|0),a_ 3 (X)|0>). 

Moreover, (PD(Ai), PD(A 2 ), PD(A 3 )) d = —24 for case (i); for cases (ii) and (Hi), 
(PD(A 1 ),PD(A 2 ),PD(A 3 )) , d = -2f(d);for case (iv), 

(PD(A 1 ),PD(A 2 ),PD(A 3 )) ,d 

= -162 - 15/(d) + 6 £ M) + ^ £ f(d 1 )f(d-d 1 ). 

0<d!<d 0<di<d 

These two theorems are proved by using obstruction bundles and composition 
laws in Sect. El which generalizes the earlier methods in |L-Q| . In view of our 
theorems, to compute all the 3-point invariants (oti, a 2 , a 3 )o l( i of X' 3 ', it remains 
to determine the 2-point invariant (PD(a_ 3 (£)|0)), PD(a_ 3 (X)|0})) 0|d . In SectH 
using the standard (C*) 2 -action on X = P 2 and the virtual localization formula 
from |(TF] . we reduce the computation of (PD(o_ 3 (£)|0)), PD(a_ 3 (X)|0})) Q)d to a 
summation over stable graphs. Even though we could not simplify this summation 
for a general d, we are able to calculate the summation for d < 4 by employing 
Mathematica. This enables us to prove the following. 

Proposition 1.3. Let X = F 2 , and I C X be a line. Then, the 2-point genus-0 
Gromov-Witten invariant (PD(a_ 3 (^)|0)), PD(a_ 3 (X)|0))} Q)d is equal to -27, 27/2, 
18 and 27/4 when d is equal to 1, 2, 3 and 4 respectively. 

One of our motivations for this present work is to verify Ruan's conjecture in 
|Ru2j about the quantum corrections for crepant resolutions of orbifolds. The sym- 
metric products of a smooth projective surface are global orbifolds. The Hilbert- 
Chow map (J2.8|) presents the Hilbert schemes of points on a smooth projective 
surface as crepant resolutions of the symmetric products of the surface. For the 
Hilbert scheme (P 2 )^, our results enable us to verify Ruan's conjecture for those 
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quantum corrections not involving (PD(a_ 3 (£)|0)), PD(a_ 3 (X)|0))) ,d. Since the 
verification involves only straight-forward computations, we omit the details. 

Finally, we remark that our methods can be extended in several directions. First 
of all, they can be used to compute many 3-point Gromov-Witten invariants of the 
Hilbert scheme (P 2 )W for a general n. Secondly, our methods of proving Theo- 
rem 11.11 and Theorem 11.21 can be easily modified to work for an arbitrary simply 
connected projective surface X. In addition, the ideas of proving Proposition 11.31 
can be applied to other toric surfaces. We leave the details to the interested readers. 

Acknowledgments: The authors thank Y. Ruan for stimulating discussions. The 
third author also thanks Hong Kong UST for its warm hospitality and support. 

2. Preliminaries 

2.1. Stable maps and Gromov-Witten invariants. 

Let Y be a smooth projective variety. A fc-pointed stable map to Y consists of 
a complete nodal curve C with k distinct ordered smooth points pi, . . . ,p k and a 
morphism /j, : C — > Y such that the data (fi, C,pi, . . . , p k ) has only finitely many au- 
tomorphisms. In this case, the stable map is denoted by [/i : (C;pi, . . . ,pk) — > Y). 
For a fixed homology class (3 G H 2 (Y;Z), let TX 9jk (Y, f3) be the stack parameter- 
izing all the stable maps [/i : (C;pi, . . . ,pk) — > Y] such that fi*[C] = P an d the 
arithmetic genus of C is g. It is known jEH iLTTl lLT2l lB-F] that M g> k(Y, (3) is a 
complete Deligne-Mumford stack with a projective moduli space. Moreover, it has 
a virtual fundamental class [DJl g< k(Y, /?)] vir G A v (Wl g k (Y, j3)) where 

d = -(K Y ■ (3) + (dim(F) - 3)(1 - g) + k (2.1) 

is the expected complex dimension of 9Jl gt k(Y, /3), and A^iTlg^iY, f3)) is the Chow 
group of D-dimensional cycles in the stack Tl gi k(Y, (3). The evaluation map 

ev k :M g 4Y,(3)-^Y k (2.2) 

is defined by ev k (\ji : (C;p h . . . ,p k ) ->• Y]) = . . . ,//(p fe )). 

The Gromov-Witten invariants are defined by using the virtual fundamental 

class [M 9 4Y,(3)] vil . Recall that an element a G H*(Y)= 0^ o mc(y) W(Y) is 
homogeneous if a G H^iY) for some j; in this case, we take \a\ = j. Let 
a k G H*(Y) such that every is homogeneous and 

k 

^1^1 = 20. (2.3) 

i=l 

Then, we have the fc-point Gromov-Witten invariant defined by: 

(a 1 ,...,a k ) g ^ = _ evl{ax® ...®a k ). (2.4) 

Next, we summarize certain properties concerning the virtual fundamental class. 
To begin with, we recall that the excess dimension is the difference between the 
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dimension of Tl g ^(Y, (3) and the expected dimension d in (|2.1|) . Let Ty stand for 
the tangent bundle of Y. For < i < k, we shall use 

f k ,i:m 9>k (Y,(3)^m g>l (Y,(3) (2.5) 

to stand for the forgetful map obtained by forgetting the last (k — i) marked points 
and contracting all the unstable components. It is known that f k ,i is flat when 
(3 ^ and < i < k. The following can be found in |LTT1 iBehl Eij ITTT<llLiJ] . 

Proposition 2.1. Let (3 G B.2{Y\ r £) and (3 ^ 0. Let e be the excess dimension of 
9Jlg t k(Y, f3) , and 971 C 9Jt gt k(Y, [3) be a closed substack. Then, 

(i) p,, fc (y,/3)f ir = (/ fc ,o)*p,, (F,/5)] vir ; 

(ii) [nJt g , fc (Y,/3)] vir |jjrt = c e (( J R 1 (/ fc+ i jfc ) !t (ewA : +i)* 7 V)|OT) if there exists an open 
substack il o/ 9Jt 9i fc(Y, /?) snc/i t/iat OJt C 11 (i.e, it is an open neighborhood 
of9Jl) and (-R 1 (/fc+i,fc)*(effc+i)*Ty)|u a rank-e locally free sheaf over ii. 

We also need one formula for g = known as the composition law. Let {A a } be 
a basis of if*(F), and {A a } be the basis of H*(Y) dual to {A a } with respect to 
the intersection pairing of Y. Let a.\, a 2 , ^3, «4 G be classes of even degrees. 

Then the combination of (3.3) and (3.6) in |K-Mj says that 

(ata 2 , a 3 , a 4 ) 0i p + (a 1: a 2 , a 3 a^) ^ 

+ ^2 ( a i' a 2, A a )o,^ (A a , a 3 , a 4 ) 0i/ 3 2 

/3i+/3 2 =/3,/3i,/3 2 ^0 a 

+ ^2 ^2 (a 1 ,a 3 ,A a ) 0t(3l (A a ,a 2 ,a i )o,f3 2 - (2.6) 

/3i+/3 2 =/3,/3i,/3 2 ^0 a 

2.2. Basic facts about the Hilbert scheme of points on a surface. 

Let X be a simply connected smooth projective surface, and X™ be the Hilbert 
scheme of points in X. An element in X^l is represented by a length-n 0-dimensional 
closed subscheme £ of X. For £ G X' 71 ', let 1^ be the corresponding sheaf of ideals. 
In X'"' x X, we have the universal co dimension- 2 subscheme: 

Z n = {(£, x) C X [n] xX\xe Supp(0} C X [n] x X. (2.7) 

Let X*™) be the n-th symmetric product of X. We have the Hilbert-Chow map: 

p : X [n] -> X (n) . (2.8) 

For a subset K C X, we define the subset M n (Y) in the Hilbert scheme X^: 

M n (y) = {£ G X [n] |Supp(0 is a point in Y} C X [n] . (2.9) 

In particular, for a fixed point x G X, M„(x) is just the punctual Hilbert scheme 
of points on X at x. It is known that the punctual Hilbert schemes M n (x) are 
isomorphic for all the surfaces X and all the points x G X. 

Let £ G X["" fc ] and n G X^. If Supp(£) n Supp(n) = 0, then we use £ + n to 
represent the closed subscheme £ U n in X' n l Similarly, given a subvariety Y of 
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X[n-k] anc j a p j n ^ ^ e suc h that |J Supp(£) PI Supp(r/) = 0, we use Y + rj 

V Y J 

to represent the subvariety in consisting of all the points £ + 77 with £ G Y". 

Next, we review some results on homology groups of the Hilbert scheme X^ 
due to Gottsche |Gol| . Grojnowski |Groj . and Nakajima |Nakj . Their results say 

, j, 00 4n 

that the space EI = © iJfc(X^) is an irreducible highest weight representation 

n=0 fc=0 

dcf 4 

of the Heisenberg algebra generated by a_ n (a),n G Z,a G #*(X) = 

fc=0 

Moreover, |0) = 1 G # (^ [0] ;C) = C is a highest weight vector. It follows that 
the space H is a linear span of elements of the form ct_ ni (ai) . . . a_ nfc (afc)|0) where 
k > 0, n k > 0, and a±, . . . , a k G H*(X). The geometric interpretation of 

&-ni( a i) • • • a -n k ( a k)\ty f° r homogeneous classes ai, . . . ,a k G H*(X) can be under- 
stood as follows. For i = 1, . . . , k, let a, G i?| ai |(X) be represented by a cycle X, 
such that Xx, . . . , X k are in general position. Then, 

a_ ni (ai)... a- nk (a k ) |0) e H m (X^) (2.10) 

fe k 

where n = J2 n i an d m = — 2 + 1 | ) . Up to a scalar, a_ ni (ai) . . . a_ nfc (afe)|0) 

i=l i=\ 

k 

is represented by the closure of the real-^(2rij — 2 + |aj|)-dimensional subset: 

i=l 

{6 + . . . + & G G M^X*), Supp(&) n Supp(O) = for i ^ j} (2.11) 

where M n .(Xi) is the subset of X^ defined by (Q. 

Definition 2.2. Let x G X, and C be a real-2-dimensional submanifolds of X. 
Then, we define /?„ = a_ 2 (x)o_i(x) n - 2 |0), (3 C = a.^^a.^x)"" 1 ^), and 

B n = a_ 2 (X)a_ 1 (X)- 2 |0), D c = -A—a-iWo-^X^O). 

[n — 2y. (n — ly. 

Lemma 2.3. Let x and I be a point and a line in X = P 2 respectively. Then, 

(i) a basis of ^(X' 3 '; Z) consists of fa and fy; 

(ii) a basis of H^(X^) consists of the five homology classes a_i(X)a_i(x) 2 |0) ; 
a_ 2 (£)a_i(z)|0), a_ 1 (£) 2 o_ 1 (x)|0), a_i(£)a_ 2 (x)|0) ; and a_ 3 (x)|0); 

(iii) a fraszs o/if 6 (X[ 3 l) consists of the classes a_ 2 (X)a_i(a;)|0), a_i(X)a_ 2 (x)|0) ; 
a_i(X)a_i(/)a_i(x)|0) ; a_ 3 (£)|0> ; a_ 2 (£)a_i(£)|0) ; and o_i(£) 3 |0); 

(iv) a frasis of H$(X^) consists of the five classes a_ 3 (X)|0) ; a_ 2 (X)a_i(£)|0) ; 
a_i(X)a_ 2 (£)|0), a_ 1 (X)a_ 1 (£) 2 |0), and a_i(X) 2 a_i(a;)|0); 

(v) a basis of H 10 (X^;Z) consists of the divisors I? 3 and Dp. 

Proof. The proof of (i) and (v) was contained in the proof of the Theorem 4.1 in 
LQZ , while the rest statements follow by exploiting (|2.1(J|) . □ 

Definition 2.4. For X = P 2 and i — 2,4, 6,8 and 10, let Q3j stand for the linear 
basis of the homology group ifj(X^) given in Lemma f2. 31 
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Fix p G X®. Then a basis {AJ of H*(X®) is given by the Poincare duals of 

[p], » i (i = 2,4,6,8,10), [X®] (2.12) 

where [p] = a_!(x) 3 |0) G # (^ [3] ) and [X^] = 1/6 a_i(X) 3 |0) G /^(X^) are the 
homology classes corresponding to p and X^ respectively. 
The following is the main result proved in |L-Q| . 

Lemma 2.5. Let d > 1, and x and £ be a point and a line in X = P 2 respectively. 

(i) If a stands for the Poincare duals of the homology classes a_i(X)a_i(a;) 2 |0), 
o_i(£) 2 a_i(x)|0) ; o_i(£)a_ 2 (^)|0), and o_ 3 (a:)|0), then (at)o, d p n = 0. 

(ii) If a is the Poincare dual of a_2(^)a_i(x)|0) ; then (a)o,dp n = 2(Kx • t)/d 2 . 

2.3. Curves from the punctual Hilbert scheme. 

Lemma 2.6. Fix n > 2. Let Hilb n (C 2 , 0) be the punctual Hilbert scheme of points 
on C 2 at the origin, and u, v be the coordinates ofC 2 . Then, ^(HihV^C 2 , 0); Z) = 
Z. Moreover, a generator of ^(Hilb^C 2 , 0); Z) is given by 

a n = {(\u + iiv n ~ x ,u 2 , uv, v n ) | A, fi G C with |A| + ^ 0}. (2.13) 

Proof. The first statement was proved in (E-Sl . To prove the second statement, 
following |E-Sj . take a C*-action on C 2 given by t-(u, v) = (t~ a u, t~^v) with /3 ^> a. 
For £ G Hilb"(C 2 ; 0), we use the ideal J € C C[u,v] to represent £. Then the O- 
invariant ideal in C[u, v] corresponding to a generator a n of i?2(Hilb"(C 2 , 0); Z) is 
(■y n_1 , uv, u 2 ). Therefore a n is the closure of the cell 

{/ G C[u, v] | e(C[u, v]/I) = n, lim(t ■ J) = (u* -1 , uv, m 2 )} 
= {K^ + au^w 2 ) | a G C} ^ C. 

Finally, notice that if a ^ 0, then + au,uv,u 2 ) = (w n_1 + au,v n ). So letting 

a — > oo, we see that the ideal (u, v n ) is also contained in o~ n . Thus, 

a n = + au, uv, u 2 ) \ a G C} U {(u, v n )} 

which is the same as {(Am + nv n ~ l , u 2 , uv, v n ) | A, \i G C with |A| + ^ 0}. □ 

Let R = C?c 2 ,o be the local ring of C 2 at the origin, and m = (u, v) be the maximal 
ideal of R. Let rj G Hilb ?l (C 2 , 0). It is known that there exists an embedding 

t : Hilb"(C 2 ,0) -> Grass(i?/m",n) 

where R/m n is considered as a C- vector space of dimension ( n ^ 1 ), and r maps 
an element rj G Hilb n (C 2 ,0) to the n-dimensional quotient of R/m n in the exact 
sequence 

-> I„ )0 /m n -> i?/m n -> i2/J„, = O,, -> 0. 
Let p : G -> P^" 1 be the Plucker embedding where X = ("+ 1 ) (("+ 1 ) - n). 

Lemma 2.7. Identify M n (x) with Hilb n (C 2 , 0), and regard a n as a curve in M n (x) C 
X' 71 '. Then as a curve in X^ n \ o~ n is homologous to (3 n . 
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Proof. According to the results in Sect. 3 of |LQZ| , it suffices to show that the 
image (p o r)(<7 n ) is a line. Fix a basis for the C- vector space R/m n : 

l,u,u 2 ,uv,u 3 ,u 2 v,uv 2 , . . . , w n_1 , u n ~ 2 v, . . . ,uv n ~ 2 ,v, . . . , w n_1 . 



Note the special ordering of this basis. Recall from ()2.13|) that for any rj G a n C 
Hilb"(C 2 ,0), I nfi = {\u + ^v n - 1 ,u 2 ,uv,v n ) for some A,/i G C with |A| + ^ 0. 
So a basis for the subspace i^o/m™ C R/m n can be chosen as 

Xu + IJAf 1 ' 1 ,U 2 ,UV,U 3 ,U 2 V,UV 2 , . . . , M™" 1 , . . . ,M^ 2 , 

and the matrix representation of I V fl/m n is given by the (™) x ("J 1 ) -matrix: 



A ... ... [i 
1 ... ... 



... 1 ... 



(2.14) 



Thus, (p o r) {rj) = [0, . . . , 0, A, 0, . . . , 0, /z, 0, . . . , 0] where the positions of A and \i 
are independent of r\ G cr n . So the image (p o r)(cr n ) is a line. □ 

Note that the flat limits of the elements (Am + v,v n ), A G C* in Hilb n (C 2 , 0) as 
A — > and A — >■ oo are equal to (v, u n ) and (u, v n ) respectively. So in the punctual 
Hilbert scheme Hilb n (C 2 ,0), we have the projective curve: 

a n = {{Xu + v, v n )\Xe C*} U {(v, u n ), (u, v n )}. (2.15) 
Lemma 2.8. As a curve in X^ n \ a n is homologous to C^)cr n . 

Proof. It suffices to show that a n ~ (f)a n in # 2 (Hilb n (C 2 , 0); Z). By (j2~T5jl . if 

rj G cr n — {(v,u n ), (u,v n )}, then a basis for the subspace I„fi/m n C R/m n is 

Am + v, Xu 2 + uv, Xuv + v 2 ,..., 
Am"" 1 + m"- 2 m, Am"-% + . . . , Xuv 71 ' 2 + v n ~\ 

As in the proof of Lemma l2.71 we see that the degree of (por)(o" n — {(v, u n ), (u, v n )}) 
is (™). So (por)(a n ) has degree ("). By LemmaEEl there exists an integer d such 
that a n ~ do n in # 2 (Hilb n (C 2 , 0); Z). Since (p o T )(a n ) is a line, d=Q). □ 

3. 3-point genus-0 Gromov-Witten invariants of (P 2 )! 3 ] 

Let X = P 2 and d > 1. For simplicity, we shall use (atj., . . . , atk)o,d to stand for 
(ai, ak)o,d/3 3 - Our goal is to compute the 3-point Gromov-Witten invariants 
(ai, «2, «3)o,d of X' 3 l. Recall from Lemma 12.51 that the 1-point Gromov-Witten 
invariants (ai)o,d of have been calculated. Since the expected complex dimen- 
sion of the stack Wl 0j3 (X^ 3 \ d(3 3 ) is 6, it remains to compute the 2-point Gromov- 
Witten invariants (PD(Ai), PD(A2))o,d when A\ runs over the basis of Hq(X^) 
in Lemma (2.31 (iii) and A2 runs over the basis *Bs of Hs(X^) in Lemma [2.31 (iv), 
and (PD(Ai),PD(A 2 ),PD(A 3 ))o,d when Al, A 2 , A 3 run over the basis 5B 8 . 
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3.1. (PD(Ai),PD(A 2 )} , d with A 1 G <B 6 and A 2 G <B 8 . 

Lemma 3.1. The 2-point Gromov-Witten invariants (PD(Ax), PD(A 2 )) .d are equal 
to zero for the following pairs of (A 1; A 2 ) G ^Bq x ^8-' 

(a_ 2 (X)a_ 1 (x)|0),a_ 2 (X)a_ 1 (£)|0)), (a_i(X)a_ 2 (x)|0), a_x(X)cu 2 (£)|0)), 
(a_ 1 (X)a_ 2 (x)|0),a_ 1 (X)a_ 1 (£) 2 |0)), (a_ 1 (X)a_ 1 (£)a_ 1 (x)|0), a_ 3 (X)), 
(a_ 1 (X)a_ 1 (f)a_ 1 (a;)|0),a^ 1 (X)a_ 1 (£) 2 |0)), 
(a_ 1 (X)a_ 1 (£)a_ 1 (x)|0),a_ 1 (X) 2 a_ 1 (x)|0)) ) (a_ 3 (£)|0>, a_ 1 (X)a_ 1 (£) 2 |0)), 
(a_ 3 W|0),a_ 1 (X) 2 a_ 1 (x)|0)), (a^(£)a^(£)\0), a_ 1 (X) 2 a_ 1 (x)|0)) ) 
(a_ 1 (£) 3 |0),a_ 3 (X)), (o_ 1 (£) 3 |0),a_ 1 (X)a_ 2 (£)|0)), 
(a_ 1 (£) 3 |0),a_ 1 (X)a_ 1 (£) 2 |0)), (cux(£) 3 |0), cui(X) 2 a_x(x)|0)). 

Proof. These follow from similar geometric arguments. For instance, let us show 
that (PD(Ai),PD(A 2 )) ,d = when A 1 = a_!(£) 3 |0) and A 2 = a_!(X)a_i(£) 2 |0). 

Choose five lines £%, . . . , £5 C X = P 2 in general position. By (|2.11j) . we see that 
up to a scalar, A 1 is represented by the closure of the subset 

{xi + x 2 + Xs\ xi,X2, x 3 are distinct and Xi G £i for each i}. (3.1) 

Similarly, A2 is represented by the closure of the subset 

{x + X4 + x$\ x, X4, X5 are distinct and Xi G £i for each i}. (3.2) 

Let Wl be the substack of 9Jto,2(X^, d/3 3 ) parametrizing all the stable maps 
[p : (C;p 1 ,p 2 ) -> X [3] ] with p(p x ) G Ax and p(p 2 ) G A 2 . We claim that SOT = 0. 
Indeed, assume [/i : (C;pi,p 2 ) — > X' 3 '] is an object of 971. On one hand, by (|3.1|) . 
p(p(C)) = 2(£i fl £j) + Xfc where p is the Hilbert-Chow map (|2.8p . £;} is a 
permutation of {1, 2, 3}, and G £k- On the other hand, by (|3.2|) . we obtain 

p(p(L7)) = 2(£ 4 n4) + x 

for some a; G X, or p(p(C)) = 2^ + where {z, j} is a permutation of {4,5}, 
x.j G £j, and Xj G Since the lines £1, . . . , £ 5 C X = P 2 are in general position, 
such p(p(C)) does not exist. So 971 = 0. Hence (PD(Ax), PD(A 2 )) , d = 0. □ 

Lemma 3.2. The 2-point Gromov-Witten invariants (PD(Ax), PD(A 2 ))o,d are equal 
to zero for the following pairs of (Ax, A 2 ) G ^Bq x Q3 8 : 

(a_ 2 (X)a_!(x)|0),a_ 3 (X)|0)), (a_ 2 (X)a_i(x)|0), a_ 1 (X)a_ 1 (£) 2 |0)), 
(a_ 2 (X)a_ 1 (a;)|0),a- 1 (X) 2 a_ 1 (x)|0)), (o_x(X)o_ 2 (x)|0), o_ 3 (X)|0)), 
(a_ 1 (X)a_ 2 (x)|0),a_ 1 (X) 2 a_ 1 (x)|0)), (a_ 1 (X)a_ 1 (£)a_ 1 (x)|0), o_ 2 (X)o_x(^)|0)), 
(a-i(X)a_i(£)a-i(x)|0),a-i(X)a- 2 (£)|0)), (a_ 3 (£)|0), a_ 2 (X)o_x(£)|0)), 
(a_ 3 (£)|0),a_x(X)a_ 2 (£)|0)), (a_ 2 (£)o_x(£)|0), a_ 3 (X)|0», 
(a_ 2 (£)a_x(£)|0), o_ 1 (X)a_ 1 (£) 2 |0)), (a_i$ 3 |0), a_ 2 (X)a_x(£)|0)). 
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Proof. These invariants are equal to certain genus-0 Gromov-Witten invariants of 
a K3 surface. So our lemma follows from the fact that all the genus-0 Gromov- 
Witten invariants of a K3 surface are equal to zero. For instance, let us show that 
(PD(Ai),PD(A 2 ))o,d = when Ay = cu 2 (X)a_i(x)|0) and A 2 = a_ 3 (X)|0). 

Fix x G X, and a small analytic open subset U of X such that x G U. We may 
assume that U is independent of X. Note that for a stable map [p : (C;pi,p 2 ) — > 
X [3] ] G M , 2 (X[3 ] , either //(C) C f/ [3] or p(C) nt/M = 0. So the analytic open 
substack il C WIq^X™, dflz) parametrizing all stable maps [fx: (C;pi,p 2 ) — > X' 3 '] 
with /i(C) C £/' 3 ' depends only on U, and is independent of X. 

Let 971 be the substack of 97to,2(X' 3 ], dfS^) parametrizing all the stable maps [p : 
(C;px,p 2 ) X' 3 l] such that G A\ and p(p 2 ) G A 2 . Note from the descriptions 
of At and A 2 that if [p : (C;pi,p 2 ) -> X®] G 97t, then //(C) C M 3 (x) C t/ [3] . So 
971 C il. In fact, 971 parametrizes all the stable maps [p : (C;pi,p 2 ) — > X^] G il 
with //(C) C M 3 (x) C C/ [3] . So 971 is also independent of X. 

In summary, we showed that 971 C il where il is analytic open in 97to,2(X' 3 l, dfe), 
and 971 and il are independent of X. It follows from the constructions of the virtual 
fundamental class (see |LT2l ILT31 IPuiT] ) that the restriction [97t , 2 (X[ 3 ], d(3 3 )] viT \ m 
is independent of the smooth surface X. So we have (PD(Al), PD(v4 2 )) d = 
(PD(A[),PD(A' 2 )) 0id where A[ = a. 2 (X')a^(x')\0), A 2 = a_ 3 (X')|0>, x' G X', 
and X' is a K3 surface. Therefore, we conclude that (PD(Al), PD(A 2 )) 0;d = 0. □ 

To compute other 2-point invariants (PD(Ai), PD(A 2 ))o,d, we recall from |L-Q| 
some results concerning obstruction bundles and virtual fundamental classes. Fix 
n > 2. Let 5, = {£ G X^ | |Supp(£)| = n - 1} and X$ = p(B*) where p is 
the Hilbert-Chow map. Let j 2 : xi™^ — > X be the morphism defined by sending 
2x + x 3 + . . . + x n to x. For k > 0, let H& be the open substack of 97t ,fc(X[ n l, d/3 n ) 
parametrizing stable maps [fx: (C;p%, . . . ,pk) — > X^] such that fx(C) C For 
k > 1, note that il fc = /^(Hq). Put el; fc = ew fc |n fc and / fej0 = fk,oW- Then we 

can regard ebk and /^o as morphisms from .14 to (-B*) fc and ilo respectively. In 
addition, there exist morphisms and j\ forming a commutative diagram: 



Hi 


~ 71 
efl D rC- 
— ► -D* = 


P(jfT*) 




jA° 






(3.3) 


Ho 


- = 


v-(«) A y 





where 7r: P^TJ) — > X^* is the natural projection of the P 1 -bundle. By the 
Lemma 3.1 in |L-Q| , the restriction of -R 1 (/i,o)*(eViT X [„]) to Ho is a locally free 
sheaf of rank (2d — 1). Since the excess dimension of Ho is (2d — 1), Proposition 12 .11 
implies that if 971 is a closed substack of WIq^X^, d(3 n ) contained in H&, then 

[97MXM = {/* (c 2d _ 1 ( J R 1 (A, )*(et;i)*T xW )| /fc , o(OT) )} \ m . (3.4) 

The following summerizes the formula (32), Lemma 3.2 and Remark 3.1 in |L-Q| . 
Lemma 3.3. (i) O b ,(B.) j*O mTV (-2). 
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(ii) LetV denote the restriction o/-R 1 (ii,o)*(et>i)*T X [„] to il . Then, the locally 
free sheaf V sits in the exact sequence 

-> (j 2 ° 4>yO x {-K x ) -> V -> £ -> 

wfcere £ = R l {h, )*(jx o ev^^o tt)*T x ® Pp W 2-)(-1)). 

(iii) Over _1 (2x2 + X3 + . . . + a; n ) = 9Jl 0i o(IP >1 , rffP 1 ]) where x 2 , ... ,x n are distinct 
points in X , there is an isomorphism of locally free sheaves: 

£U-i( 2 * a -H B8 +...+*») = fl 1 (/i,o).(ei>i)*(cv(-i) © ev(-i)). 

Next, using Lemma [3.3[ we compute other 2-point Gromov-Witten invariants. 

Lemma 3.4. Let X = P 2 and d > 1. T/jen, 

(i) (PD(Ai),PD(A 2 )) ,d = for the two choices of(A u A 2 ): 
(a_ 1 (X)a_ 2 (x)|0),a_ 2 (X)a_ 1 (£)|0)), (a^a-^IO), a_i(A>_ 2 (*)|0)); 

(ii) (PD(Ai),PD(A 2 )) ,d = -4(i^x ■ 0/ d /° r i/ie two c/iozces o/(Ai, A 2 ): 
(a_ 2 (X)a_ 1 (a;)|0),a_ 1 (X)a_ 2 (£)|0)), («L- 2 (^)a_i(^)|0), a_ 2 (X)a_i(^)|0». 

Proof, (i) Since the proofs for the two choices of {A\, A 2 ) are similar, we only prove 
(PD(A 1 ),PD(A 2 )) 0jd = for Ax = a- 1 {X)a- 2 (x)\0) and A 2 = a_ 2 (X)a_i(^)|0>. 
Fix a point x and a line £ in X = P 2 such that x i. By (j2.11jl . we see that up to 
a scalar, A\ is represented by the closure of the subset 

K + ^GM 2 (i) and i'^x}. (3.5) 

Similarly, A 2 is represented by the closure of the subset 

{i + x x \ xi G £,£ G M 2 (x 2 ) for some x 2 G" £}. (3.6) 

Working with algebraic cycles instead of cohomology classes, we have 

(PD(A 1 ),PD(A 2 )) 0)d = p , 2 (X[ 3 U/5 3 )] vir • e^[A! x A 2 ). (3.7) 

Note that ei^f-Ai x A 2 ] is an algebraic cycle supported in ef 2 ~ 1 (y4 1 x A 2 ). By (|3.5j) 
and ()3.6|) . ev 2 1 (Ai x A 2 ) parametrizes all the stable maps [/i : (C;pi,p 2 ) X^] 
satisfying p(/i(C)) E 2x + £. In particular, ev 2 (A\ x A 2 ) C it 2 . Applying ()3.4|) to 
071 = ev 2 1 (A 1 x A 2 ) and combining with Lemma f3. 31 (ii), we obtain 

[M , 2 (X[ 3 U/5 3 )] vir k = {/2,o(c2d-i(i? 1 (/i,o)*(e^i)*T xW )| /2i0(9n) )} \ m 

= {/ 2 ,o((j2o0)*(-K x )- CM _ 2 (£)| /2iO(?m) )}| OT . (3.8) 

Now (j 2 o 0)*(— Kx) = 3(j 2 o <j))*[l'] where the line f in X = P 2 is chosen not 
to contain the fixed point x. We have (j 2 o 0) _1 (£') n / 2 ,o(S!7t) = 0. Therefore, 
( j2 o0)*(-ir x )| /2 o(an) = 0. By (ED, [M 0t2 (X^,d(3 3 )] vh \ m = 0. Since ev^[A 1 xA 2 ] is 
supported in 571 = ev 2 l {A 1 x A 2 ), we see from (JSH|) that (PD(Ai), PB(A 2 )) 0>d = 0. 

(ii) Again, the proofs for the two choices of (Ai,A 2 ) are similar. So we only 
prove (PD(Ai),PD(A 2 )) Q)d = -4(K X • £)/d for At = a_ 2 (£)a_i(£)|0) and A 2 = 
a_ 2 (X)a_i(f)|0). We follow the argument for the Lemma 3.3 (ii) in |L-Q| . 
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Fix three lines 4 3 4>4 C X = P 2 in general position. Then A\ is represented 
by the closure of the subset {£ + x\ £ e M 2 (£i),x e 4j 2 ^ |Supp(£)|}. Similarly, 
A 2 is represented by the closure of the subset 

{£ + x\ £ e M 2 (X), x E £3, x ^ |Supp(0|}. 

So ev 2 1 (Ai x A 2 ) parametrizes all the stable maps [p : (C;pi,p 2 ) ~~ * X^} satisfying 
p(/i(C)) G 24 + (4(14) C B*, and ev%[Ai x A 2 ] is a cycle in ev 2 1 (A 1 x A 2 ) C il 2 . 
As in (jSZ7|) and we see that (PD(Ai), PD(A 2 )) 0jd is equal to 

/2,o(0'2 o 0)*(-^x) • c 2d _ 2 (£)) x A 2 ]. 

Since / 20 ((j2 ({>)*{— Kx) • c 2 d- 2 (£)) is supported in il 2 , recalling the definition of 
et> 2 from the paragraph containing (|3.3j) . we see that (PD(Ai), PD(y4 2 )) ,d equals 

/2,o((j2o0)*(-Kx)-c 2d _ 2 (^)) e^(([A][^]) x ([A 2 p.])). 

Now, = [Ai n S*]ci(Ob.(-B,)). Let © stand for the first Chern class of the 

tautological line bundle over B* = F(j 2 T x ). Then we obtain from Lemma 13.31 (i) 
that the invariant (PD(Ai), PD(A 2 ))o )( j is equal to 

4/ 2 ,o((j2 o <f>)*(-K x ) ■ c 2d _ 2 (£)) ■ evl({[A x fl £?*]©) x (L4 2 n 5,]©)). (3.9) 

Fix a line £ such that £\, £ 2 , £3, £ are in general position. We claim that 

floih ° WW ■ ev* 2 (([Ai n B.]B) x ([A 2 n £*]©)) = [eV(£i x £ 2 )] (3.10) 

where £1 and £ 2 are two fixed points in M 2 {x\) + x 2 with {x{\ = £± H £, and 
{x 2 } = 4 H 4- To see this, let e x and e 2 be the restrictions to it 2 of the two 
evaluation maps from Tlo !2 (X^,dp 3 ) to X^. We regard e x and e 2 as morphisms 
from il 2 to £>*. Then, ev 2 = e\ x e 2 and o / 20 = poe x . So 

/2,o(J2 o • ey$(([^i n fl,]B) x {\A 2 n 5,]©)) 

= A0O2 o 0)*[£] • et([A n fl„]B) • g;([A 2 n BJB) 

= e?((j2 o P)*M • [A H ■ D) • el([A 2 n S,]D). 

Now the cycle (j 2 o p)*[£] ■ \A\ fl B*] ■ © is represented by r]i + £ 2 where 771 is a fixed 
point in M 2 (xi). So e*((j 2 o p)*[i] ■ [A x fl B*\ ■ ©) is represented by the substack ffl 2 
of dJt 0:2 (X^ 3 \ d/3 3 ) parametrizing all the stable maps [/i : (C;px,p 2 ) — > X' 3 '] such 
that //(C) = M 2 (xi) + x for some x 6 4 an d //(pi) = 771 + x. It follows that 

/2,o(J2 o 0)*[£] • ^(([A n B m ]3) x (L4 2 n £?*]©)) 

= [Tt 2 ] ■ e* 2 ([A 2 n 5*]B) = [eva x (6 x £ 2 )] 

where £1 = 771 + x 2 and £ 2 is a fixed point in M 2 (xi) + x 2 . This proves (|3.10|) . 
By (Q and (EHU1) . (PD(Ai), PD(A 2 )) ,«j is equal to 

12/* (c 2d _ 2 (O) • [eV(£i x 6)] 
= -4(K X • £) ■ c 2d _ 2 (£) ■ (f 2 ,oUev 2 ^ x £ 2 )]. (3.11) 

Note that et> 2 _1 (£i x £ 2 ) parametrizes all the stable maps [p : (C;pi,p 2 ) — > X' 3 '] 
in 97l 0i2 (X^, <i/3 3 ) satisfying //(pi) = £1 and [i(p 2 ) = £2- For these stable maps, we 
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must have //(C) = M 2 (xi) +x 2 . So the restriction of / 2 ,o to ev 2 (£i x £ 2 ) is a degree- 
d 2 morphism to <fr x (2x x + x 2 ). Thus, (/^o)*^^" 1 ^! x £ 2 )] = d 2 [0 -1 (2a;i + x 2 )]. 
By dHU), we obtain (PD(Ax), PD(A 2 )) , d = -A(K X ■ £)d 2 ■ c 2d . 2 (£\^i (2xi+X2) ). 
By Lemma EB1 (iii) and the Theorem 9.2.3 in |C-K|. c 2 d_2(£|, ? i-i (2x1 +x 2 )) 
Therefore, we have (PD(Ax), PD(A 2 )) , d = -4{K X ■ £)/d. □ 

In view of Lemma 13. 1\ Lemma 13.21 and Lemma 13.41 the only 2-point Gromov- 
Witten invariant (PD(Ax), PD(A 2 )} ,d with A x G 23 6 and A 2 G 23 8 that has not 
been computed is when A\ = a_ 3 (£)|0) and A 2 = a_3(X)|0). This invariant 

(PD(a_ 3 W|0)),PD(a_ 3 (X)|0))) , d (3.12) 

will be studied in Sect. 0]by using the localization formula. 
We summarize the results in this subsection into a theorem. 

Theorem 3.5. Let X = F 2 , and ^Bq and <B§ be defined in Definition \2.J\ Let 
d > 1, Ax G an d A 2 G Q3 8 . £et x,£ be a point and a line in X respectively. 
Then, (PD(Ax), PD(A 2 ))o d is zero unless the pair (Ai,A 2 ) is one of the following: 

(i) (a_ 2 (X)a_i(x)|0), a^(X)a„ 2 (£)|0)) 

(ii) (a„ 2 (£)a_ 1 (£)|0),a_ 2 (X)a_ 1 (£)|0)) 
(hi) (a_ 3 (*)|0>,a_ 3 (X)|0». 

Moreover, (PD(Ai), PD(A 2 ))o,d = 12/cZ m cases (%) and fn/ □ 

3.2. (PD(Ai),PD(A 2 ),PD(A 3 )>o ld with A x , A 2 , A 3 G <B 8 . 

Lemma 3.6. The Gromov-Witten invariants (PD(Ax), PD(A 2 ), PD(A 3 )) 0i( i are 
equal to zero for the following triples of (Ax, A 2 , A3) G (23s) 3 -' 

Ax = a_ 3 p0|0>, A 2 ^ a_ 3 (X)|0), A 3 ^ o_ 3 (X)|0), 

A 1 = A 2 = a_i(X)a_i(£) 2 |0), A 3 arbitrary, 
Ax = a_x(X) 2 a_x(x)|0), A 2 arbitrary, A3 arbitrary, 

(a_ 3 (X)|0),a_ 3 (X)|0),a_ 1 (X)a_ 1 (£) 2 |0)), 
^ = A 2 = o_ 2 (X)a_x(£)|0), A 3 ^ a_x(X)a_ 2 (£)|0), 
(a_ 2 (X)a_ 1 (£)|0),a_ 1 (X)a_ 2 (£)|0),a. 1 (X)a_i(£) 2 |0)), 
Ax,A 2 ,A 3 G {a_ 1 (X)a_ 2 W|0),a^ 1 (X)a_ 1 (f) 2 |0)}. 

Proof. The arguments are similar to those for Lemma 13.11 and Lemma 13.21 □ 

Lemma 3.7. Let X = F 2 , £ C X be a line, and d > 1. Then, 

(i) (PD(Ax), PD(A 2 ), PD(A 3 )) , d = for the following triple: 

(Ax,A 2 ,A 3 ) = (a_ 2 (X)a_ 1 (^)|0),o_ 1 (X)a_ 2 (£)|0),a^ 1 (X)a_ 2 (£)|0)); 

(ii) (PD(Ax), PD(A 2 ), PD(A 3 )) , d = 8(K X ■ £) for the triple: 
(A 1; A 2 ,A 3 ) = (o_ 2 (X)a_ 1 (£)|0),a_ 2 (X)a_ 1 (£)|0),a^ 1 (X)a_ 2 (£)|0)). 

Proof. The arguments are similar to those for Lemma 13.41 (i) and (ii) . □ 
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According to Lemma 13.61 and Lemma 13.71 it remains to compute the invariants 
(PD(A 1 ),PD(A 2 ),PD(A 3 )) 0)d for the following 3 triples of (A 1 ,A 2 ,A 3 ) 6 (<B 8 ) 3 : 

A 1 = A 2 = a_ 3 (X)\0), 
A 3 = a- 2 (X)a- 1 (£)|0},a_ 1 (X)o_2^)|0),a- 3 (X)|0). 

In the next two lemmas, we shall calculate them in terms of (j3.12j) . Put 

S i = ir l {<O x (i)\ 0z3 ) (3.13) 

where iri and ir 2 denote the projections of X' 3 ' x X to the two factors. It is 
known that Ci(£j) = iD^ — B 3 /2. Using the commutation relations among standard 
operators on EI (e.g. the Theorem 3.1 in fLCJW4] ) , we obtain 

Cl (£ ) 2 = a_ 3 (X)|0)-a_ 1 (X) 2 a_ 1 (x)|0) 

-^a_ 1 (X)a_ 1 (£) 2 |0) - ia_ 1 (X)a_ 2 (X x )|0). (3.14) 

Lemma 3.8. Let d > 1 and A = a_ 3 (X)|0). Let Wi,w 2 denote the two invari- 
ants (PD(A),PD(A),PD(A 3 )) ,d for A 3 = a_ 2 (X)cM(£)|0), (Ui(X)a_ 2 (*)|0) re- 
spectively. Then, Wl = w 2 = -2d (PD(o_ 3 (£)|0)), PD(a_ 3 (X)|0))) , d . 

Proof. Since the arguments for w\ and w 2 are almost the same, we only prove that 
w 2 = -2d (PD(a_ 3 (£)|0}),PD(a_ 3 (X)|0))) 0)d . Let c x = c x {S ) = -B 3 /2 (we regard 
a divisor as either a homology class or a cohomology class depending on the con- 
text). Apply the composition law (J2.6|) to a x = ot 2 = c x , a 3 = PD(a_ 3 (X)|0)), a 4 = 
PD(a_i(X)a_ 2 (f)|0)), and to the basis {AJ of H*(X^) given by (I2TT2I) . 
First of all, the left-hand-side of (|2.6|) is equal to 

(c 2 , a 3 , a 4 ) 0id + (ci, c x , a 3 a 4 )o,d 

(c x , Ci, A a ) 0jdl (A a , a 3 , 04)0^2- (3.15) 

di+d,2=d, di ,d,2>0 a 

By ()3.14|) and Lemma ESJ (c 2 , a 3 , 04)0,^ = w 2 . Since the intersection number 
(cf/3 3 ) is equal to 1, (c h c x , a 3 a 4 ) 0)d = d 2 (a 3 a 4 )o,d and (c x , c x , A o ) 0) d 1 = df (A o ) 0) d 1 . 
By Lemma l2~ol (A a ) , dl ± only when A a = PD(a_ 2 (f)a_i(x)|0)). Note that 
A a = -l/2PD(a_i(X)a_ 2 (f)|0)). So (A a , a 3 , a 4 ) 0id2 = by LemmaESl It follows 
from (|3.15|) that the left-hand-side of (|2.6|) is equal to 

w 2 + d 2 (a 3 a 4 ) 04 . (3.16) 

We claim that {a 3 a4) 0d = —12(K X ■ £)/d 2 . To prove this, note from (|3.14|) that 
a_ 3 (X)|0) = c 2 + a_ 1 (X) 2 a_ 1 (x)|0) + l/2a_ 1 (X)a_ 1 (£) 2 |0) - 3/2 a_i(X)a_ 2 (£)|0). 
Choose lines £', £" in X = P 2 such that £, £', I" are in general position. Then, 
(a-i(X)a_ 2 (£)|0)) n (a_i(X)a_ 2 (f )|0)) n (a„ 1 (X)o_ 2 (f')|0)) = 0. It follows that 

(a_i(X)a_ 2 (£)|0)) 3 = 0. In view of the linear basis in Lemma l2~3l (ii) . we see that 

(a_i(X)a_ 2 (f)|0)) 2 is a linear combination of a_i(X)a__i(x) 2 |0), a_i(£) 2 a_i(x)|0), 



14 DAN EDIDIN, WEI-PING LI, AND ZHENBO QIN 

a_i(£)a_ 2 (x)|0), and a_ 3 (a;)|0). Hence (PD(a_i(X)a_ 2 (f)|0)) a A )o, d = according 
to Lemma 1231 (i), and we see that (013014)0,4, is equal to 

(c\a A ) , d + (PD(a_ 1 (X) 2 a_ 1 (x)|0)) a 4 )o,d + ^(PD(a_ 1 (X)a_ 1 (£) 2 |0)) a 4 ) 04 . 

Since (D e ) 2 = a_i(X)a_i«) 2 |0) + 1/2 a_i(X) 2 a_i(x)|0), we obtain 

(a 3 a 4 )o,d = (c 2 a 4 )o,d + ^(D 2 a 4 ) Q , d + -(PD(a_i(X) 2 a_i(x)|0)) a 4 )o,d- (3.17) 

Since a_i(X) 2 a_i(x)|0) • a-i(X)a_ 2 (T)|0) = 2a_ 2 (f)a_i(a;)|0), the third term in 
(l3~T7l) is equal to 3{K X ■ £)/d 2 by Lemma [231 (ii). Si nce D \ ■ o_i(X)a_ 2 (^)|0) = 
o__ 2 (£)a_i(x)|0)+4a_i(£)o_ 2 (x)|0), the second term in (ITTTTTf) is equal to (K x -£)jd 2 
by Lemma 12.51 Using a similar argument, we see that the first term in ()3.17j) is 
equal to -16(K X ■ £)/d 2 . Thus, (a 3 a 4 )o,d = -12(K X ■ £)/d 2 in view of (l3~T7f) . 

Combining with (|3.16|h we see that the left-hand-side of ()2.6|) is equal to w 2 — 
12{K X ■ £). Similarly, the right-hand-side of (|2.6|) is equal to 

-2d (PD(cu 3 (*)|0)), PD(a_ 3 (X)|0») , d - 12(K X ■ £). 
Hence we have w 2 = -2d (PD(a_ 3 (£)|0)), PD(a- 3 (X)|0))) , d . □ 

Lemma 3.9. Let d > 1. Pitt /(d) = d (PD(a_ 3 (T)|0}), PD(a_ 3 (X)|0))) 0)( i. Let w 3 
denote (PD(A),PD(A),PD(A)) , d /or A = a_ 3 (X)|0). T/jen w 3 egna/s 

-24Xi - 18(X X • £) + 5(X X • £)f(d) 
-2(K x -£) f(di) + l E f(dx)f(d-d 1 ). 

0<d 1 <d 0<d!<d 

Proof. Our idea is the same as in the proof of Lemma [3.81 Let C\ = C\(So)- Apply 
(|2.6j) to oti = a 2 = Ci and a 3 = a 4 = PD(a_ 3 (X)|0)). Then, the left-hand- 
side of (12 is still of the form (|3.15j) . By (|3.14|) . Lemma 1331 and Lemma 1331 
(c 2 , a 3 , a 4 ) 04 = w 3 - (K x ■ £)/2w 2 = w 3 + (K x ■ £)f(d). Also, (c x , a, a 3 a4)o,d = 
d 2 (a 3 a 4 ) ,d = 2AK X + 18 (K x ■ £), and J2 a ( C U c i, ^a)o, dl (A a , a 3 , a 4 ) ,d 2 is equal to 

(PD(a- 2 (£)a- 1 (x)|0))) 0>dl (PD(a_ 1 (X)o_ 2 (£)|0)), a 3 , a 4 ) 0jd2 

= -f " " (-2f(d 2 )) = 2(K X ■ £)f(d 2 ) 

by Lemma 12.51 (ii) and Lemma 13.81 So the left-hand-side of (|2.6|) is 

w 3 + (K x -£)f(d) + 2AK 2 x + 18(K x -£)+2(K x -£) ^ f(d 1 ). (3.18) 

0<d 1 <d 

Similarly, the right-hand-side of ()2.6|) is equal to 

Q(K x -£)f(d)+ l - J2 f(dx)f(d-d l ). (3.19) 

0<di<d 

Now we prove the lemma by comparing ()3.18|) and ()3.19l) . □ 
The results in this subsection are summarized into a theorem. 
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Theorem 3.10. Let X = P 2 ; and Q3 8 be defined in Definition \2.J\ Let I C X be a 
line. Letd>\, /(d) = d (PD(a_ 3 (£)|0», PD(a_3(^)|0))) 0l d, and^A^A, e <B 8 - 
Then, the 3-point genus-0 Gromov-Witten invariant (PD(Al), PD(A 2 ), PD(j4 3 ))o,<z 
zero unless the unordered triple (A±, A 2 , As) is one of the following: 

(i) (a_ 2 (X)a_ 1 (£)|0),a_ 2 (X)a_ 1 (^)|0),a_i(X)a_ 2 (£)|0)) 

(ii) (a- 3 (X)|0), a- 3 (X)|0), a_ 2 (X)a_ 1 (£)|0)) 

(iii) (a_ 3 (X)|0),a_ 3 (X)|0),a_ 1 (X)a- 2 (£)|0)) 

(iv) (a_ 3 (X)|0>,a_ 3 (X)|0>,a_ 3 (X)|0>). 

Moreover, (PD(Al), PD(A 2 ), PD(A 3 )) a = —24 for case (i); for cases (ii) and (iii), 
(PD(A 1 ),PD(A 2 ),PD(A 3 )) , rf = -2f(d);for case (iv), 

(PD(A 1 ),PD(A 2 ),PD(A 3 )) 0ld 
= -162-15/(d) + 6 ^ /(di) + ^ f(di)f(d~d 1 ). □ 

0<di<d 0<di<d 

4. Computation of (PD(a_ 3 (£)|0)), PD(a_ 3 pf )|0))) , d 
In this section, we study the remaining 2-point Gromov-Witten invariant 
(PD(o_ 3 (£)|0)),PD(a_ 3 (X)|0))) 0>d 

in (|3.12|) . Using the standard (C*) 2 -action on X = P 2 and the virtual localization 
formula in |G-Pj . we reduce the computation to a summation over stable graphs. 
This allows'us to calculate (PD(a_ 3 (^)|0)), PD(a- 3 (X)|0})) ,d for d < 4. 

4.1. The contracted (C*) 2 -invariant curves in (P 2 )! 3 ]. 

Let T C SL 3 (C) be the subgroup consisting of diagonal matrices. Then T ~ 
(C*) 2 acts on P 2 with fixed points P = (1,0,0), P 1 = (0, 1,0) and P 2 = (0,0, 1). 
There is an induced action of T on the Hilbert scheme (P 2 )^ with a finite number 
of fixed points. The T-fixed points in (P 2 )^ are enumerated as follows. If (v,i, vA 
are the local coordinates at the fixed point Pj, then there are three T-fixed points 
in M 3 (P) C (P 2 ) [3] corresponding to the partitions (3), (2, 1) and (1, 1, 1) of 3. The 
corresponding ideals are (uf,Vi), (uf,UiVi,vf) and (iii,vf). Also for each ordered 
pair of points (p, Pj) with i 7^ j, we have two fixed points ttfj = £i,i+Pj and Rffj = 
£ i>2 + Pj in (P 2 )t 3 l, where ^1,^2 £ M 2 (Pi) correspond to the ideals (wj,t> 2 ), (w 2 ,t>i) 
respectively. Finally, Pq + Pi + P 2 is also a T-fixed point in (P 2 )' 3 l 

Next, we start enumerating T-invariant curves. Observe that a T-invariant curve 
is the closure of a 1-dimensional T-orbit. Thus, a T-invariant curve is the T-orbit 
of a point in a fixed component of a 1-parameter subgroup of T corresponding to 
the kernel of the T-action along the curve. In particular a T-invariant curve is a 
smooth rational curve, and must contain exactly two fixed points. 

We are only interested in T-invariant curves that are contracted under the 
Hilbert-Chow morphism (P 2 )^ -> (P 2 )^ 3 ). Such curves must be entirely contained 
in M 3 (Pj) for some i, or in M 2 (Pj) + Pj for some i 7^ j. Since M 2 (Pj) — P 1 , we 

immediately obtained six T-invariant curves d.j = M 2 (P) + Pj, with 1 < i, j < 3 
and i 7^ j, contracted by the Hilbert-Chow morphism (P 2 )' 3 ] — > (P 2 )® . 
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We now analyze T-invariant curves in M 3 (Pj), by using a tangent space analysis. 
Suppose that (s,t)(ui,Vi) = (Aj(s, t)u;, /ij(s, t)t>j) where Aj and /ij are independent 
characters of T. Let Qi,o,Qi,i,Qi,2 £ M 3 (Pi) be the three T-fixed points cor- 
responding to the ideals (uf,UiVi,vf),(iii,Vi),(ui,vf) respectively. For simplicity 
denote the tangent space of (P 2 )' 3 ' at the point Qij by Tq i} . By |E-Sj . we have the 
following decompositions for the tangent spaces as a representation of T: 

T Q . = 2Xi 1 + 2 f i^ + xf f i i + X if if (4.1) 

T QiA = K^i+K^ + ^ + ^ + ^ + K 1 (4-2) 
T Qia = Xf + Xf + X^ + X^ + X^ + ^K (4.3) 

The kernel of each character appearing in equations (J4.1j) . (|4.2|) . (|4.3j) determines 
1-parameter subgroup whose fixed locus contains T-invariant curves. Since we are 
interested only in T-invariant curves contained in M 3 (Pj), we need only to analyze 
characters of the form A^//| with k£ ^ 0. (The kernel of a character Af or \i\ will 
have fixed locus that moves out of the punctual Hilbert scheme.) 

Looking at Tq. we see that the character A,/i~ 2 has multiplicity one. This 
means that its kernel has one- dimensional fixed component containing the point 
Qifi. Now the character A" 1 // 2 in Tq. 1 has the same kernel as the character Aj/i 4 ~ 2 

in Tq. . So there is a unique T-invariant curve, denoted by Cq \, which contains 
Qifi and Q^i, and is the fixed locus of ker(Aj/ij~ 2 ). Similar analysis shows that there 
are two other T-invariant curves Cq\ and C x \ m M 3 (Pi); namely, Cq \ through Q^q 
and Qi^ which is the fixed locus of ker(A~ 2 /ij), while C x \ through Qj i and Q«,2 
which is the fixed locus of ker(A J ~ 1 /ij). This analysis partially proves the following. 

Lemma 4.1. There are 15 T-invariant curves contracted under the Hilbert- Chow 
morphism {F 2 )W (P 2 )( 3 ). They are described as follows: 

(i) the six curves Cij = M2(Pi) + Pj where 1 < i, j < 3 and i ^ j ; 

(ii) the nine curves C M 3 (Pj) where 1 < i < 3 and < k < £ < 2. 

Furthermore, C x \ ~ 3(3 3 and Cq \ ~ C$ \ ~ [3 3 for every i. 

Proof. It remains to prove the last sentence. Identify M 3 (Pj) with the punctual 
Hilbert scheme Hilb 3 (C 2 ,0). By llZT5|) . c{§ = a 3 . It follows from Lemma I2~31 that 
Ci \ ~ 3/3 3 . Similarly, we see from (EIUD and Lemma O that c£] ~ ~ /3 3 . □ 

Next, we compute the equivariant first Chern classes of the restrictions of the 
tautological bundles (|3.13|) to the T-fixed points in (P 2 )[ 3 l Let w-i = Ci(Aj) and 
Zi = ci(fii) in the equivariant Chow group A^(pt). If we put (w , z ) = (w, z), then 
(wi, zi) = (—w, —w + z) and (w 2 , z 2 ) = (—z, —z + w). 

Lemma 4.2. Let go — 0, g\ — w, and g 2 = z. There are T -linearizations on £q 
andSx such that Ci(£ L(i)) = z i} Ci(£ \ w) = w i; Ci(£ |q i0 ) = Zi + Wi, c^EqIq.J = 

3zi, ci(£q\ Qi2 ) = 3wi and ci(£i| «) = 2g { + g~ + z i; c x (£i| ( 2 )) = 2& + gj + w i} 
c i(^iIq I: o) = % + z i + w i, c i(^i|q I: i) = % + 3zi, ci(£i\ Qi2 ) = 3g { + 3m;,. 
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Proof. The proofs of these conclusions are similar. For instance, let us prove 
Ci(£i| (2)) = 2gi + g~ + Note that the fiber £i| p (2) is canonically identified 

(2) 

with O x {l)®Ox/I n w. S ince R^j — ^ 2 ~^~Pji ^llpt 2 ? * s canonically identified with 
(O x (l) ® Ox/4,2) ®{Ox{l) ® Cx/Zp,)- Therefore, 

d^l^)) = 2 Cl (O x (l)| P J + Cl (O x /% i2 ) +c 1 (O x (l)|p i ). 

Since Ox(l)|p, = (C©C)/(CR;), we have ci(O x (l)| P( ) = m . Using Cl (Ox/4, 2 ) = 
Ci(A,) = ^i, we conclude that Ci(£iL(2)) = 2g^ + g 3 ■, +Wi. □ 

4.2. The Euler characteristic for a covering. 

An important step in computing the virtual Euler class of the T-fixed locus 
9Jt ,2((P 2 ) [31 , dp 3 ) T is to compute ( representation) x(f*T(p2)[3]) where / : P 1 — ► 
(P 2 )t 3 l is a degree-d morphism such that the image is one of the 15 T-invariant 
curves in Lemma 14. II and / is totally ramified at the two T-fixed points in /(P 1 ). 

4.2.1. Degree-d coverings of Cjfy. 

Observe that if P 1 — > (P 2 )^ is a degree-c? T-equivariant morphism with image 
Cfc\, then the characters of T-action on P 1 are (using multiplicative notation) 
a i/d^i/d w j iere are ^he characters of the T-action on the image curve C^\. 
Let Si t k and be the two fixed points of the action on P 1 denoted so that the 
image of S^k is Q% } u and the image of is Qi^. If V is a T-equivariant vector 
bundle on P 1 , then the localization theorem for equivariant i^-theory says that 



X(V) = - ^ + : (4.4) 







1 — T* 
1 J pi 





v\ 


Si,e 


1 — T* 





where Tp\ is the cotangent bundle of P 1 . Since T^\s ih = T* w |q. h , we can use 

formulas IfO^I . (fO]l . (jOjl to determine x(/*T (p2)[ 3]). 

First of all, let /(P 1 ) = Cq*J. The curve Cq \ is a component of the fixed locus 
of ker(Aj/i~ 2 ). Thus, reading off (|4.1j) and ()4.2|) . we see that T c (») |g i = Aj/i7 2 and 

Tr^lQiA = VVi- Thus T P i| 5i0 = 7;0~ 2 and T P i| g = 7" 1 6» 2 where 7^ = A; and 
#f = //j. Substituting (|4.1|) and ()4.2|) into the localization formula (|4.4jl yields 
( x _ A,/i~ 2 + /x^ 1 + Ar 1 + Xr 2 ^ + Ar 1 + 

X{J i( P 2)[3]J - _^-!fl2 

ii i 

A7V + A7_Vi + A' 1 + /i7 3 + /jr 2 + ^ 

1 - 7^r 2 

Since 1/(1 — 7 i ~ 1 6 |2 ) = — 7*07/(1 — l$T 2 )i the right hand side can be rewritten as 
1 



[(atV< + \ r V* + Ar 1 + + /*r 2 + ^r 1 ) - 7A~ 2 ((a 2 /^ 4 )(a-V 2 ) 



i - 7^r 2 

+(A^- 2 )ArVi + A7 1 + (Xr 2 i4)K 3 + (A7VDm7 2 + • 
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Using Aj = jf and fa = 9f, we conclude that x(/*^np 2 )l 3 l) is equal to 

2d d 

a-VI E (T^ 2 ) m + K 1 * E wr 2 ) m + Ar 1 

m=0 m=0 
2d-2 d-2 

-»7\li8i 2 r 2d+1 E(7i^ 2 ) m -^ 2 (7A- 2 )- d+1 E(7^ 2 ) m + ^ 1 - 

m=0 m=0 

To simplify this further, set 0$ = Em=i(7A r2 ) m = Et~=i(Ai/% 2 ) m/d (with the 
understanding that eg = when d = 1). Then we see that x(/*^~(p 2 )[3]) equals 

(i + A^V 2 + a^ 2 + atV< + ^r 1 + Ar 1 + ^r 1 - \ 7 Vr x ) 
+(atV? + 1 + ArV, - k 2 k - KW - Ar 1 )©?!- (4.5) 

By symmetry, if /(P 1 ) = C,g, then x(/*^(p 2 )[3]) is equal to 

(1 + fi-r^ + ^xf + ^-1^ + Ar 1 + /ir 1 + Ar 1 - ^K 1 ) 
+(^\* + 1 + tfxt _ ^ - AxrV - /^eg ( 4 - 6 ) 

where eg = Emi^A" 2 )" 1 ^ and as above 9? = if d = 1. 

Next, let /(P 1 ) = C x g. Then T c (i)\ Qi>1 = X^fa ancl T cW \ Qi2 = \ifa l . Thus 
2piki = li% and T P i| s . 2 = Ti 0r 1 . By (Q, flU and jO]), x(fT (p2)[ 3]) ec l uals 

— ^[(A-V- + A-Vi + Ar 1 + ft 3 + »f + K 1 ) 

1 - ifii 

-Ti^C W + W + + Ar 3 + Ar 2 + Ar 1 )] 

As above, the numerator is divisible by (1 — 7j0$ ), and x(/T( P 2)[3]) is equal to 

2 (s+l)<2 3 

a- x E^ E (^r-E^E^ 1 )" 

s=0 m=0 s=l m=l 

Let eg = Em= 1 i(Ai^ rl ) m/d with eg = when d = 1. Then x(f T (p2)[ 3]) equals 
A- x (l + eg) + MT 1 + Aj~Vi(l + 0$) + (1 + eg) + A^ 

A.rV 2 (i + eg) + w(i + eg) + Mi + eg) + w 1 

-A- X ©g - (Ar 2 eg + ArVr l (i + eg)) 
-(Ar 3 e li2 + + ©g) + ArVr 2 (i + eg))- 

Rearranging the terms, we conclude that x(/*^(p 2 )[3]) is equal to 

(Ar 1 + fa 1 + AfVi + 1 + A^r 1 + ArV 2 + /i< + Ai + A 2 ^ 1 (4.7) 

-at 1 /*.- 1 - atV 1 - ArVr 2 ) 
+(i + ArV 2 + + Aj + Arv, - Ar 2 - ArVr 1 - Ar 3 - _ Arv- 2 )eg. 



GROMOV-WITTEN INVARIANTS OF HILBERT SCHEMES 



19 



4.2.2. Degree-d coverings of Cjj. 
Consider maps 

/ ; pi _, (p2)[3] which 

are degree-d and have image Cij. To 
compute x(f*T(p2^[3}), we recall from subsection 14. II that the T-fixed points on Cij 

are R\ j 1 and R,fj. Using the results in |E-Sj . we have the following decompositions 

for the tangent spaces of (P 2 )' 3 ' at R-j and Rfj as representations of T: 

T R m = X^^ + X^+fif + ^ + Xj'+fij 1 , (4.8) 
T r{ 2) = X^ 2 + Xr 1 + Xi/j,- 1 + ^ + Xj 1 + nj 1 . (4.9) 

Also, T Ci J R (i) = A~Vi and T Citj \ R w) = X^ 1 . By fOJ, x(/*T (p2)[ 3]) equals 

A£V, + Xj 1 + ^ + ^ + At 1 + /ij 1 A- 2 + Ar 1 + + ^ + A7 1 + 
1 - 1 " 7f 

So we obtain the following formula for x(/*^(p 2 )[3]) : 

(1 + + v* 71 + K 1 + Vi 1 + A7 1 + nj 1 - \i Vr 1 ) 

+(1 + Arv, - Ar 2 - ArVr^eg. (4.10) 

4.3. T-invariant stable maps, stable graphs and localizations. 

Let X = P 2 . Note that if [/ : (C;p 1 ,p 2 ) -> X^] G M , 2 (X[ 3 ], dfo) is T-invariant 
and if P 1 is an irreducible component of C with nonconstant /|pi, then /(P 1 ) is 
one of the 15 T-invariant curves in Lemma 14.11 The restriction /|pi is ramified 
at exactly two points with ramification index deg(/|pi). Since /|pi is ramified at 
every special point, P 1 contains at most two special points. Moreover, / maps the 
contracted components and the special points (i.e., marked points, nodal points 
and ramification points) of C into the T-fixed point set (X^) T . 

Following the book jC-Kj . to each T-invariant stable map [/ : (C;pi,p 2 ) — > 
X^] G Tl 0t 2(X^ 3 \ dfo), we can associate a marked graph T called a stable graph of 
genus-0. The graph T has one vertex for each connected component of f~ 1 ((X^) T ). 
It has one edge e for each non-contracted component C e ~ P 1 , whose two ver- 
tices correspond to the connected components of f~ 1 ((X^) T ) containing the two 
ramification points in the component C e . The edge e is marked with the degree 

d e == deg(/|c*J- Note that the morphism / defines a labeling map £ from the 
vertices of T to (X^) T . Finally, a vertex is marked with {1} (respectively, {2}, 
or {1, 2}) if the connected component of / _1 ((X^) T ) corresponding to the vertex 
contains the marked point pi (respectively, p 2 , or both p\ and p 2 ). 

To a stable graph T, we introduce the following notation (cf. |C-Kj ). Recall 
that a flag F is a pair (v, e) consisting of an edge e and a vertex v of e. For a 
flag F = (v, e), define i(F) = £(v). Let S(v) be the number of markings of v, and 
val(v) be the valance of v (i.e., the number of edges e such that v is a vertex of 
e). Let n(F) = n{v) = val(v) + S(v). If val(v) = 1, let F(v) be the single flag 
containing v; if val(v) = 2, let F\(v) and F 2 (v) denote the two flags containing v. 
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Now the connected components of OJto^X^, d(3^) T are enumerated by stable 
graphs corresponding to stable maps whose images are unions of the 15 T-invariant 
curves in Lemma 14.11 and whose contracted components and special points are 
mapped into (X^) T . We use T to denote these stable graphs, and use Wlr to 
denote the corresponding connected components of TIq^X^ , dP3) T . If T is a 
stable graph, let M r = IIn(u)>3 ^o,n(v) where M 0jn ^ is the (fine) moduli space of 
n(t>)-pointed stable rational curves. As discussed in |C-Kj . there is a finite map 
Mr — > 97tr such that 97tr = Mr/Ar where Ar fits in the exact sequence 

(I Yl z / d e% -» A r -> Aut(r) -> 0. 

e 

Since a stable curve is connected, we see from the description of the T-invariant 
curves in Lemma f4. II that a summation over all the stable graphs T breaks up as 

E = E E + E E «■») 

r i<^j<3 res diiJ i=i rer dii 

where <Sd,i,j is the set of all stable graphs T such that f{C) = Cij for every [/ : 
(C;pi,p 2 ) — ► Xt 3 I] G QJtr, and T rfji is the set of all stable graphs T such that 
f(C) C tf$ U U Cg for every [/ : (C; Pl ,p 2 ) - X^] G 97t r . 

Our goal of this section is to study (PD(a_ 3 (f)|0)), PD(a_ 3 (X)|0)))o, rf . To apply 
the localization formula more effectively, we rewrite this 2-point invariant by using 
the Chern classes of tautological bundles over 

X [3] = ( P 2)[3] defined in (|3~T3J) . Let 
A = (ci(£i) - ci(£ ))ci(£o) 2 and B = Cl (£ ) 2 . 
Intersecting (|3.14j) with D e = C\{£\) — Ci(£ ), we see that A is equal to 

3o- 3 (-0|0> - 3o_ 1 (X)a_ 1 (£)a_i(x)|0) 
-±a_i(*) 3 |0) + 3a_ x (X)a_ 2 (x)iO) + |cL_ 2 (^)a_i(^)|0). 

By Lemma f3. 11 Lemma f3. 21 and Lemma f3. 41 (i). we obtain 

(A,B) 04 = 3 (PD(a_ 3 ^)|0)),PD(a_ 3 (X)|0)))o^ (4.12) 

where for notational simplicity, we make no distinction between the algebraic cycles 
A, B and their corresponding cohomology classes. 
By the virtual localization formula of |G-P| . we have 

(A B) 04 = [_ ev*(A ®B) = J2vK~\ [ ^^T' ^ 

Here [M r ] vir is the pullback of [mt r ] vir to M T via the finite map M r -> 97l r . Like- 
wise, (y4®i?) r is the pullback of et^A® -6)1^ to M r , and e(N™) is the pullback 
of the Euler class of the moving part N™ of the tangent-obstruction complex. 

Let T be a stable graph such that the labeling £ maps the marked vertices of 
r to the same point in (X^) T . Then we have (A ® B)r = (lx ® AB)r where 
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lx € H°(X) is the fundamental cohomology class. By the fundamental class 
axiom, (lx, AB)q d = 0. Thus in view of (J4.13j) and (J4.ll)) . we obtain 



(A,B) 0td = (A,B) 0td - (1 X ,AB) 



0,d 



r • / [ J ^]- l A rl e^V r j ^ ^ , =1 ^ 

where the three prime signs indicate that we only sum over stable graphs T such 
that the two marked vertices of T have distinct labels in (X^) T . In other words, 
putting S' di j = J2res' dit . and T 'd,i = EreTj,' we have 

3 

i<«^i<3 »'=i 

4.4. Computation of S' di y 

Let S di A = S' di J ~ where Ti ~ T 2 if ri and T 2 are identical except that the 
vertex which is marked with {1} (respectively, with {2}) in Ti is marked with {2} 
(respectively, with {1}) in T 2 . Then each graph T in S di ^ gives rise to two graphs 
r!,r 2 in S' di y However, there is no ambiguity to define 



( J a. 



h3 



E / I a iL/v^v (4 - 16) 



res" . 



By the definition of S^ij, f(C) = Cij for every stable map [/ : (C;pi,p 2 ) — > X^] 
in 9Jlri or 9Jtr 2 - Recall that R^j and R^j are the two T-fixed points in Cij. So 

(A ® B) Tl - (l x <8> AB) Vl f (A®B) V2 -(l x ®AB) V2 



[M ri ]v, \A ri \e(N™) 7 [Mr2] v ir |Ar 2 |e(JV? 



7~vir \ 
^2 > 



-(a\ (i) -A| ( 2 ))(5| a) -5| (2) ; 

"i.J n i,3 n i,3 



'[M ri ]v, |A ri | e(N™) 

Combining this with Lemma 14.21 and (|4.1fij) , we conclude that 

S' d>i>j = -(2 9i + 9j )(wf - z}f e diiij . (4.17) 

To compute Gd,i,j, we calculate the contribution from a graph I\ by considering 
the restriction of the tangent-obstruction complex on 9Jt ,2pn 3 \ df3 3 ) to OJln- Fol- 
lowing |G-Pj . the fibers of its cohomology sheaves, T 1 and T 2 , at a point associated 
to a stable map [/ : (C;pi,p 2 ) — > X^} fit into the exact sequence 

- Ext (n c ( Pl +p 2 ),O c ) - H (CJ*T x m) - T 1 

- Ext 1 (fi c (p 1 +j9 2 ),O c ) - H l (C,rT x m) - T 2 - 0. 

To obtain the contribution of the moving parts of each term in the sequence, we 
use an analysis similar to that carried out for P r in |G-Pj . As was the case for P r , 
the fixed part T 2,f vanishes. So the fixed stack is smooth with tangent bundle T 1, . 
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In particular [97t ri ] vir = [SPTrJ- As a result, denoting the contributions from the 
edges, vertices and flags of the graph I\ by e r , , respectively, we obtain 

e(iV r t) = e ri -e ri -e^. (4.18) 

First of all, we have e Fi = \\ e e( X (((/|cJ*T x[3] ) m )) where ((/k)*Tx[3]) m denotes 
the moving part in {f\c e )*T x \3\. It follows from (J4.1(Jj) that 



TT \{d e - ly.fwiWjZjZjjWi - Zj) 2 

AA K + Zi)P(l + 4 - i)P(i - ^g^, 4-1) 

where P(a, n) denotes the polynomial a(a + 1) . . . (a + n — 1). 
Now the contributions of vertices and flags are given by 

e K = Yle(T c(v) )- Yl ( u Fi(v) +VfXv)) • II u F(v) ( 4 - 20 ) 

V val(v)=n(v)=2 val(v)=n(v)=l 

4i = II (^-^)-l[e(T i(F) )- 1 (4.21) 

n{F)>3 F 

where for a flag F = (v,e), we put up = e{T^ F )Cij) / d e , and define e F to be the 
first Chern class of the bundle on Mr whose fiber is the cotangent space of the 
component associated to v at the point corresponding to the flag F (c.f. |C-K1 
p. 285]). Note that T^p) = has been computed in ()4.8j) and (j4.9j) . Thus, 

u F = (-Wi + Zi)/d e if i(F) = RfJ, and u F = (wi - Zi)/d e if = RfJ. 

4.5. Computation of T' di . 

Recall from f)4. 14j) and (|4.11jl that T di is the set of all stable graphs V such 
that /(C) C Cg U Cg U Cg for every [/ : (C; Pl ,p 2 ) -> G 9Jl r , and that 

the marked vertices of T have distinct labels in (X^) T . The T-fixed points in 

c o\ u CoS u C il are &,o, <5i,2- For < j < k < 2, let 7j i>j)A . be the subset of 
T di consisting of all T E T di such that the labeling £ maps the marked vertices of 
r to {Qij,Q it k}. Then, 7^ iA1 , 2^ A2 and 7^ i>12 form a partition of 7^. So 

E = E + E + E • <« 2 > 

it -'d,i itj! d,i,0,l itj! d,i,0,2 fc d, >,1,2 

Put TJ[ij k = Td,i,j,kl ~ where the relation ~ is defined the same way as in the 
first paragraph of subsection 14.41 As in (|4.17j) and (|4.16|) . we get 

v / (-^g)r-(l-v^g)r 
r ±7^ ./[Mr]™ l A r| e(7V r J 

d,i,j,k 

where 7i>J - ffc = -(A| Qij - A| Q . J(S|q 4i j - B\ Qi k ) and 

fd,i,j,k= , . I a „ I pf/vvirV ( 4 - 24 ) 



rpT" 



[Mr 



i]vir |A r J e(iV^)- 
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By Lemma lOl we have 7^0,1 = -3#;(w 2 + 2wiZi - 8z 2 ) 2 , j ifii2 = -3& (-8w 2 + 
2wiZi + z 2 ) 2 and 7 i)1|2 = -243&0 2 - z 2 ) 2 . Combining KT2i) and (B~H| yields 

(A®B) r - AB) r 

— 7i,0,l ' fd,i,0,l + 7i,0,2 ' /d,i,0,2 + 7i,l,2 ' fd,i,l,2- (4-25) 

The fd,i,j,h can be calculated via graph sums in a manner similar to the calcu- 
lation of the e^y in subsection 14.41 Note that if fd,i,o,i is written as a function 
of the variables u>, and z», then fd,i,o,2 can be obtained from f 44,0,1 by switching 
tOj and Z{. Also, for an edge e of a stable graph V and for < j < k < 2, define 
e G [<3ijQi,fc] if the labeling £ of T maps the two vertices of e to the set {Qij, Qi,k}- 
By Lemma I4~TI the curves Cq\, Cq 2 and are homologous to (3 3 , (3 3 and 3/5 3 
respectively. Therefore, for each stable graph T, the edges e satisfy 

d e+ de + 34 = d. (4.26) 

eS[Qi,oQi,i] ee[Q ii0 Qi,2] eglQ^iQi^] 




4.6. Cases when 1 < d < 4. 

When the degree d is small, we can use Mathematica and the setups of subsec- 
tions 14.41 and 14.51 to make explicite computations. We now do this for 1 < d < 4. 
When 1 < d < 4, we have verified via Mathematica that 

Wj + Zj , _ (2g i + g j )(w i + z i ) 3 
e d,i,j - 3 7 and b di j — . (4.2^ 

dWiWj{Wi — Zi) z ZiZj ,J dWiWjZiZj 

Unfortunately, we are not able to prove this formula for general d. 
Also, for 1 < d < 4, the functions fd,i,o,i are given by 



/iao,i = — ::Z2. (4-28) 



J-J.iA). 



f3,i,0, 



Wi(wi - 2zi) 2 (wi - Zi)z 2 

2w 2 + 7wjZj + 5z 2 

2wi(wi - 2z i ) 2 {w i - Zi)(2wi - Zi)z 2 

1 f , 3 K + r4 oq^ 

2(w, + Zi)(wi + 4zj) 



2 



3wi(wi - 2zi) 2 (wi - Zi)(2wi - Zi)z\ 

1 f , 3 K + gO (a 

^/l,i,0,l H / no/ n (4.3UJ 

3 Wi{wi - 2ziY{wi - z i )(2w i - ZijZi 

2w 2 + 7wiZi + 5z 2 



4wi(wi - 2zi) 2 (wi - Zi){2wi - Zi)z 2 

l f , + Z A (4 3D 

4 n ' J ' 0,1 2w l (w t -2z i ) 2 (w i -z i )(2w t -z i )z i 1 ' ; 



/l,i,l,2 — 


() 




/2,i,l,2 = 




Wi + Zi 


- 


2zi)(wi - Zi) 2 (2wi - Zi)zi 


fs,i,l,2 = 




Wi + Zi 


Wi(Wi - 


2zi)(wi - Zi) 2 (2wi - Zi)Zi 


/4,i,l,2 




Wi + Zi 


2wi(wi - 


- 2zi){wi - Zi) 2 (2wi - Zi)zi 



Combining formulas ()4.28j) - (j4.35j) with ()4.25j) . we conclude that 
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Recall that if we regard fd,i,o,i as a function of Zi and w iy then i ,2 can be obtained 
from fd,ifi,i by switching Z{ and ?ft. So fd,i,o,2 is known for 1 < d < 4. Furthermore, 

(4.32) 
(4.33) 

(4.34) 

(4.35) 

(4.36) 
(4.37) 
(4.38) 
(4.39) 

In view of formulas lfQ5jl . (ETT7I) and (JOKll-fJOni). we obtain 

{A,B) 0tl = -81 (4.40) 

, . » 81 81 . , 

(A,B) 0j2 = -_ + 81 = y (4.41) 

(A,B) 0i3 = -^ + 81 = 54 (4.42) 
, , . 81 81 81 , A , 

(A5)»,4 = -x + T = T (4 ' 43) 

Proposition 4.3. Let X = P 2 , and I C X be a line. Then, the 2-point genus-0 
Gromov-Witten invariant (PD(a_ 3 (f)|0)), PD(a^ 3 (X)|0))) ,d is equal to -27, 27/2, 
18 and 27/4 when d is equal to 1, 2, 3 and 4 respectively. 

Proof. Follows immediately from (l4~T21) and l|Pnj) - (|P3j) . □ 



T' - 


-3ft ( 


>! 


— 6u> 2 ;^ — 6wj2; 2 + zf) 
















T' - 


-3ft 1 


>< 


+ 12w 2 z; + 12w;z 2 + zf) 


_l r 
- 2 J i, 4 


27ft (wi + z;) 






2wfzf 




T' - 

^3,1 — 




>< 


+ 2lwfzi + 2lWizf + zf) 


- l -T> 
3 ^ 


27ft (wi + Zj) 












-3ft< 


>< 


+ \2wfzi + 12wiZ? + zf) 




27ft (tft + 2j) 






4w 2 z 2 


2tftZj 
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